Uncertainty shocks can be self-reinforcing. We empirically document that serial uncertainty shocks are (1) common in the data and (2) have an increasingly stronger impact on the macroeconomy. In other words, a series of bad (positive) uncertainty shocks exacerbates the economic decline significantly. We then generate the cascading effect of uncertainty shocks in a standard DSGE model. Related to this finding is the non-linear scaling effect of large positive uncertainty shocks. As the size of the positive shock doubles, the macroeconomic response more than doubles. Standard theoretical models solved under third order perturbation cannot generate these empirical results: a fourth order perturbation solution is crucial.
Introduction
Second moment shocks to the economy have real impact. Economic uncertainty has shown to be a significant determinant of investment dynamics (Bloom et al. (2007) ), a driver of firm production declines and recoveries over time (Bloom (2009)) , and a source of business cycle variations (Bloom et al. (2018) ) in general. Using survey data, Bachmann et al. (2013) shows that both in the U.S. and in Europe, ex ante forecast disagreements about business conditions is a strong predictor of lower production. Moreover, Fernández-Villaverde et al. (2015) show that, both empirically and theoretically, an increase in fiscal policy uncertainty is associated with an adverse effect on economic activity.
As another example, Basu and Bundick (2017) demonstrate that demand uncertainty is the primary cause of large declines in output and investment in the data. This is just a sampling of the recent literature on uncertainty and macroeconomic outcomes.
Nevertheless, how these uncertainty shocks interact with each other sequentially is not well known. It is reasonable to conjecture that in a downturn, positive shocks to uncertainty can occur in succession, causing consecutive negative movements in economic aggregates. Whether these serial positive uncertainty shocks have a diminishing effect, a neutral effect, or an amplifying effect is unclear. In other words, if two positive uncertainty shocks arrive in back-to-back periods, is the economic impact of the second shock less powerful, the same, or more powerful than the first realized shock? In this paper, we study the effect of serial positive uncertainty shocks on variables such as output, investment, inflation, and the stock market. Furthermore, we also in-1 vestigate the non-linear scaling effect of large versus small uncertainty shocks.
We empirically document that serial positive uncertainty shocks have a cascading effect such that the later realizations are more impactful and longer lasting than the earlier ones. In a dynamic general equilibrium model, the cascading of uncertainty shocks can be generated only by a solution solved under fourth order perturbation or higher.
We observe that serial uncertainty shocks are fairly common in the data.
As an illustrative example, Panel (a) of Figure 1 and Figure 2 plot the economic policy uncertainty (EPU) developed by Baker, Bloom and Davis (2016) and the financial uncertainty index proposed by Ludvigson, Ma and Ng (2015) , Given the series of uncertainty shocks constructed from the data, we employ smoothed local projection (SLP) popularized by Barnichon and Brownlees (2018) to examine the conditional response of the economy produced by consecutive positive shocks to uncertainty. The idea is straightforward: using an indicator variable to denote whether a given positive shock is preceded by one or more positive shocks, we regress economic aggregates on the shock itself as 2 well as the interaction term between the shock and the indicator variable. The coefficient loading on the interaction term, or the state multiplier, is only valid if the indicator variable is turned to 1 and can be interpreted as the additional reaction due to the fact that the shock is not the first realization in a sequence of positive shocks.
Our estimation results are striking. First, we generate uncertainty shocks using the EPU index, and then perform predictive regressions of output, investment, inflation, and equity value on shocks to EPU via SLP. The indicator is set such that it turns to 1 if a shock is the second realization in a sequence of positive shocks. The estimated state multipliers are negative in general across prediction horizons, and they are statistically significant between 8 and 16 quarters after impact. The resulting conditional impulse responses show much larger declines in all four economic variables compared with their unconditional responses in the data. To highlight the magnitude, output drops by almost 1.5% as opposed to around 0.2% at 14 quarters out if a positive shock is the second shock in a row. For investment, the contrast is roughly 4% vs. essentially 0 at 12 quarters out. The same implication can be found for inflation and stock market valuation.
We then move to employing financial uncertainty shocks as constructed from the Ludvigson, Ma and Ng (2015) index. For the second consecutive shock, we find that the state multipliers are negative and statistically significant at horizons of 4 to 8 quarters. For the fourth consecutive shock, the state multipliers are also negative and statistically significant beyond 8 quarters.
The associated conditional impulse responses are significantly more negative compared with the unconditional responses (or the average) for all the dependent variables. The magnitude is particularly noticeable for investment and the stock market valuation. Following a fourth consecutive positive shock to uncertainty, investment decreases by as much as 5% at 12 quarters out, and the stock market falls by around 12% at the same horizon. In contrast, the long-run average responses for both investment and equity are slightly positive.
Furthermore, the cascading effect of serial uncertainty shocks also prolongs the negative economic impact in the data. The impulse responses show that the maximal drop in economic activity for a second consecutive positive shock occurs at about 6 quarters post-realization. If two more positive shocks hit after the second shock, then the fourth consecutive uncertainty shock pushes the maximal economic decline out to about 12 quarters. Our empirical exercise strongly demonstrates the path-dependence of uncertainty shocks.
In the theoretical section, we show that -within a standard New Keynesian framework -uncertainty shocks have rather different implications on the economy depending on what precedes them (history dependency) and magnitude (violation of shape invariance). On the technical side, we show that one needs at least a fourth-order approximation to study the path dependency and asymmetric effects of uncertainty shocks.
Our results have important and widespread implications for the analysis of the macroeconomy. Since the seminal contribution of Sims (1980) 
Empirical Analysis

Data
We use two series for uncertainty: the economic policy uncertainty (EPU) developed by Baker, Bloom and Davis (2016) and the financial uncertainty index constructed by Ludvigson, Ma and Ng (2015) . These series are available at monthly frequency. We want to compute impulse response functions for a set of variables of interest conditional on the realization of n consecutive positive shocks to a given uncertainty measure. To this end we need to compute shocks. For EPU, we fit an AR(12) to the monthly time series. For the financial 5 uncertainty index, we employ the identification scheme proposed by Ludvigson, Ma and Ng (2015) and extract shocks from a trivariate system that includes an index of macro uncertainty, a measure of real economic activity, and the financial uncertainty index. 1 The shock at quarterly frequency is obtained as the sum of the shocks occurring within the quarter. The top panel (a) of Figure 2 plots the financial uncertainty, U F t , in standardized units along with the NBER recession dates. U F t is a broad-based measure of time varying financial uncertainty using data from the bond market, stock market portfolio returns, and commodity markets. Hence, it is smoother than proxies such as VIX or any particular bond index. U 
Response to Serial Uncertainty Shocks
To estimate the response to consecutive shocks, we rely on the smoothed version of Jorda (2005) local projections developed by Barnichon and Brownlees (2018) . The Smooth Local Projections (SLP) strikes a balance between the efficiency of Vector Autoregressions (VAR) and the robustness (to model misspecification) of the Local Projections (LP) approach. In practice, SLP consists in estimating LP under the assumption that the impulse response is a smooth function of the forecast horizon. Specifically, we estimate an h-step ahead predictive regressions,
where h ranges from 0 to H and p is the number of lags used for the control variables, w t . y t+h is the h period ahead realization of the macroeconomic or financial variable of interest. I {ε unc,t−L >0&...&ε unc,t−1 >0} denotes an indicator that takes value of one if each one of the previous L shocks, {ε unc,t−L , . . . , ε unc,t−1 }, has been positive. This indicator allows us to compute the response of y t+h to a positive shock at t, ε unc,t , conditional on having L previous consecutive positive shocks. Overall, to capture state dependence, the response of y t+h to uncertainty at time t is a linear function, β 0,h + β 1,h I {ε unc,t−L >0&...&ε unc,t−1 >0} , of the previous occurrence of a positive shock. In what follows, the β 1,h coefficient capturing the amplification due to a cascade of shocks is called the state multiplier. We are interested in knowing whether an uncertainty shock has a larger effect on, e.g., output if the previous shock was positive too. Interestingly, a linear system delivers β 1,h = 0 since conditioning on the previous realization of shocks does not alter the response function.
Before turning to the empirical analysis, two remarks are in order. First, we impose the constraint that the shock at ε unc,t−L−1 ≤ 0 so that we effectively consider the response to L + 1 consecutive, positive shocks (for L = 1, the run {ε unc,t−2 = 0, ε unc,t−1 = 1, ε unc,t = 1} is a valid one; {ε unc,t−2 = 1, ε unc,t−1 = 1, ε unc,t = 1} is not). Second, we eliminate a run (set the indicator to zero) if the run of L positive shocks is followed by a large (≥ 2 standard deviations)
shock. Hence our analysis is not contaminated by the effect of rare and large events.
For our empirical application, we employ gross domestic product (GDP), investment, the GDP deflator, and the Standard & Poor's 500 Stock Price Index as dependent variables. The control vector includes four lags of the dependent variable, along with four lags of forward looking variables such as inflation, the stock market, and a measure of monetary policy stance.
To start, we use the uncertainty shock series constructed from the economic policy uncertainty (EPU) of Baker, Bloom and Davis (2016) . Figure 3 shows the results of the SLP estimation for a given second consecutive positive shock to the EPU index. The left column contains subplots of the impulse responses of the dependent variable to the second consecutive positive uncertainty shock, contrasted with the unconditional response (Average). The right column contains subplots of the state multipliers, β 1,h , over horizon h.
For all four dependent variables, the state multiplier estimates are negative and significantly different from 0 between roughly the 8-and 16-quarter horizon. What this means is that the negative effect of a realized uncertainty shock, two to four years after the initial impact, is more pronounced conditional on it is the second shock in a sequence of two or more positive shocks. Given a positive EPU shock already occurred, the impact of a second positive EPU shock is highlighted in red (circle-dash lines), whereas the unconditional response is called "Average" (dash lines) in the subplots. We see that output, investment, and the stock market value steadily drop until they reach their 9 maximal decline (between 8-to 16-quarters) of 1.5% in (a), 4% in (c), and 9% in (g), respectively. The decrease in inflation in subplot (e) is more immediate: 1.6% right away and slowly recovers. The disparities between the conditional response and the average response in these IRF plots are easy to see. Sequential positive shocks to the EPU index exacerbate economic declines substantially. To the best of our knowledge, this is the first documentation of the cascading effect of uncertainty shocks in the data.
[Insert Figure 3 about here]
Alternatively, we measure shocks to financial uncertainty using the procedure described in Ludvigson et al. (2015) . Figure 4 displays the responses to two consecutive shocks (L = 1 in Equation (1)). 3 Focusing on the state multipliers to the right, we notice the estimated coefficient loadings on the interaction between I {ε unc,t−1 >0} and ε unc,t are mostly negative. For output, investment, and the stock market in particular, the coefficient is statistically different from 0 between 4 to 8 quarters. The negative state multiplier implies that conditional on the uncertainty shock realized in the previous period (t − 1) is positive, a positive uncertainty shock at time t lowers the dependent variables even more. Between 4 to 8 quarters after the shock hits, the decline in output and investment roughly doubles for the second consecutive positive shock relative to the average positive shock. For the stock market, the drop differs by more than four times between the two impulses at about 6 quarters out. This is consistent with the state multipliers in subplot (h), where they are highly negative and significant up to the 10-quarter horizon. 
The Model
We build upon the Basu and Bundick (2017) model for our analysis. Basu and Bundick (2017) show that uncertainty in household demand is a significant source of economic variation in DSGE models. Since our investigation centers around the impact of serial uncertainty shocks, their model serves as a useful benchmark to start. We augment the Basu and Bundick (2017) model by specifying the conditional volatility of the demand shock, A t , to be an exponential function to ensure it's never negative, and log conditional volatility follows a first order autoregressive process:
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Calibrated parameter values are shown in Table 1 .
[Insert Table 1 about here]
Calibration
We calibrate the model to capture key quarterly U.S. macroeconomic moments over the past 50 years. The key moments are associated with output, consumption, investment, wages, and labor. For the preference parameters, we set the risk aversion to 80, in line with estimates from Binsbergen, FernandezVillaverde, Koijen, and Rubio-Ramirez (2012). We set the intertemporal elasticity of substitution to less than one at 0.9, consistent with the findings in the meta-study of Havranek (2015) . The subjective discount factor is set to match a low real-risk free rate of around 2.5%. The consumption share parameter is set so the agent is working a third of the time. The remaining parameters are used to match the moments of interest. The capital adjustment cost parameter helps pin down the volatility of investment 13 growth. The persistence of the transitory technology shock and preference shock are set to ensure autocorrelations that are close to the moments in the data. Both the preference shock parameters and technology shock parameters are set to be consistent with a one-standard deviation increase in uncertainty being associated with a 10-20 basis point initial decline in output, as in the data. These moments are key to pin down for our simulations as we determine the magnitude of responses to consecutive and different-sized shocks.
[Insert Table 2 about here]
Model solution and IRFs computation
We make use of higher-order perturbation techniques to solve the model. This implies that the model solution is no longer linear. We follow Fernández-Villaverde et al. (2011) and define the Impulse Response Functions (IRFs) at time t + n after a shock u t as
where Ω t−1 is the past history of shocks, and Ω f ut t+1 denote the future realization of shocks. In words, we condition on future shocks by setting them to 0 when generating their IRFs and start the IRFs at the the ergodic mean in the absence of shocks (EMAS). 5 Our interest lies in studying the responses of the economic model after sequences of shocks. To this end, we also compute the response of the economy after two and three consecutive positive shocks,
Our approach compares the difference in paths depending on how many previous uncertainty shocks there are. Practically, we compute and display
• IRF n (u t+1 , u t , Ω t−1 )−IRF n (u t , Ω t−1 ) (the incremental contribution of two consecutive positive shocks relative to one shock),
bution of three consecutive positive shocks relative to two shocks).
Appendix A presents the pseudo-code used to construct these responses to serial shocks.
Finally we study the response to large shocks. In this case we compute IRF n (2 × u t , Ω t−1 ) and compare it with IRF n (u t , Ω t−1 ). Recall that in Figures 3 and 4 , we show that the second positive shock to uncertainty following an initial positive shock causes output, investment, and inflation to fall dramatically. Relative to the decline due to the initial positive shock, the magnitude of the maximal drop is typically greater by a factor of at least 2 . Figure 6 shows the model solved by fourth order perturbation can capture the power of consecutive positive uncertainty shocks by comparing the solid-blue line (first shock) and the dotted-red line (second shock). On the other hand, the model seems to fall short on picking up the prolonged response of endogenous variables to the second or third consecutive positive shock as it is in the data. Again, in Figures 3 and 4 , we find that it takes anywhere around six to twelve quarters for output and investment to reach the maximal decline due to a second consecutive shock. In the model, however, the maximal decline is reached as soon as the positive shock is realized. This is a potential point for future investigation. 
Results
Cascade of Uncertainty Shocks
Large Shocks
The final theoretical finding we document is on the effect of large uncertainty shock is also more robust relative to the small shock scenario in subplot (a).
This phenomenon holds in all endogenous variables we examine.
[Insert Figures 8 and 9 about here]
Similar to the main result discussed in Section 4.1 for serial positive uncertainty shocks, we see that large shocks intensify the macroeconomic response in a nonlinear fashion when fourth order perturbation is employed to solve the model. Not surprisingly, the scalability reverts back to linear when third order perturbation is used. Figure 9 plots the impulse responses under that scenario, and the rescaled IRFs following a 2 standard deviation positive shock align exactly with those in the baseline case.
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Robustness
In Appendix B, we examine the impact of serial transitory productivity shocks in the model to see if our findings are robust to the source of uncertainty. Lastly, Figure B .3 shows the IRFs following 1 and 2 standard deviation positive shocks to productivity uncertainty under fourth order perturbation.
As discussed previously, the scaling of the responses from a 1 to a 2 standard deviation shock is no longer linear: the decline in output growth for example, more than doubles when the size of the positive uncertainty shock doubles. Using a standard DSGE model, we investigate the impact of serial uncertainty shocks to macroeconomic aggregates. We find that consecutive positive shocks to demand uncertainty generates steep declines in endogenous economic variables under fourth order perturbation. The cascading effect of serial shocks is such that the second positive shock is more impactful than the first one, and the third positive shock is more impactful than the second one, and so on.
Moreover, we also find large positive uncertainty shocks intensify the economic declines in a non-linear fashion when fourth order perturbation is employed.
Our findings are generally robust to the source of uncertainty: they are preserved when uncertainty is switched from demand shocks to transitory productivity shocks. Finally, fourth order perturbation is crucial to our results as the findings outlined above disappear when third order perturbation is used.
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Figures
Economic policy uncertainty and estimated uncertainty shocks. 1963 1968 1973 1978 1983 1988 1993 1998 2003 2008 1963 1968 1973 1978 1983 1988 1993 1998 2003 1963 1968 1973 1978 1983 1988 1993 1998 2003 2008 2013 2018 (c) Two Consecutive Shocks. 1963 1968 1973 1978 1983 1988 1993 1998 2003 2008 2013 2018 (d) Four Consecutive Shocks. Financial uncertainty and estimated uncertainty shocks. 1963 1968 1973 1978 1983 1988 1993 1998 2003 1963 1968 1973 1978 1983 1988 1993 1998 5 1963 1968 1973 1978 1983 1988 1993 1998 2003 2008 2013 2018 (c) Two Consecutive Shocks. 5 1963 1968 1973 1978 1983 1988 1993 1998 2003 2008 2013 2018 Ludvigson, Ma and Ng (2015) . Panel (b) shows the time series of shocks from a SVAR System with three variables, namely industrial production, macro and financial uncertainties using the identification scheme described in Ludvigson, Ma and Ng (2015) . Panels (c) and (d) display the time series of, respectively, two and four consecutive shocks. This figure plots the impulse responses for consecutive, positive shocks to transitory productivity uncertainty. Impulse responses are for one standard deviation shocks when the model is approximated to the fourth order. This figure plots the impulse responses for consecutive, positive shocks to transitory productivity uncertainty. Impulse responses are for one standard deviation shocks when the model is approximated to the third order. This figure plots the impulse responses for a one standard deviation and two standard deviations (divided by 2) positive shock to transitory productivity uncertainty, when the model is approximated to the fourth order. This figure plots the impulse responses for a one standard deviation and two standard deviations positive shock to transitory productivity uncertainty, when the model is approximated to the third order.
